The infimum of elements a and b of a Hilbert algebra are said to be the compatible meet of a and b, if the elements a and b are compatible in a certain strict sense. The subject of the paper will be Hilbert algebras equipped with the compatible meet operation, which normally is partial. A partial lower semilattice is shown to be a reduct of such an expanded Hilbert algebra iff both algebras have the same filters. An expanded Hilbert algebra is actually an implicative partial semilattice (i.e., a relative subalgebra of an implicative semilattice), and conversely. The implication in an implicative partial semilattice is characterised in terms of filters of the underlying partial semilattice.
Introduction
Hilbert algebras, or positive implication algebras [35] , are the duals of Henkin algebras called by him implicative models in [21] (this term has also been used for Hilbert algebras [30, 31] ). Positive implicative BCK-algebras [24] are actually another version of Henkin algebras (see, e.g. [28, 37] ).
As a matter of fact, these algebras are an algebraic counterpart of positive implicational calculus. Various expansions of Hilbert algebras by a conjunction-like operation have also been studied in the literature. The most extensively investigated among them are implicative semilattices [13, 34] , which are known also as Brouwerian semilattices. The so called (H)-Hilbert algebras [22] also have turned out to be another form of implicative semilattices.
Hilbert algebras in which all meets exist also have been studied; an important recent paper on this subject is [16] . Unfortunately, both these algebras and implicative semilattices have been mentioned in the literature under the same name Hertz algebras; this has caused several misunderstandings -see Section 3 below for a brief account of them; cf. also the discussion in [10, 17] .
It was demonstrated in [12] by the present author that certain constructions and results can be transferred from implicative semilattices to Hilbert algebras equipped with the so called compatible meet operation. The infimum of elements a and b of a Hilbert algebra is said to be the compatible meet of a and b, if the elements a and b are compatible in a certain strict sense that goes back to [30] . Therefore, this operation is normally partial. In this paper we study elementary algebraic properties of the compatible meet operation and its connection with implication. In particular, we show in what sense Hilbert algebras can be treated as implicative partial semilattices.
The paper is structured as follows. Section 2 contains general information on Hilbert algebras, including a description of their filter lattices. Section 3 is concerned with compatible meets and partial semilattices. It is shown here that a Hilbert algebra is a partial semilattice in the sense of [18] with respect to the compatible meet operation, and that a partial semilattice is a reduct of a Hilbert algebra if and only if both algebras have the same filters. The concept of an implicative partial semilattice as a relative subalgebra of an implicative semilattice is introduced in Section 4. Also a theorem stating that implicative partial semilattices are just Hilbert algebras equipped with the partial compatible meet operation is proved here. Furthermore, implication in partial semilattices is characterized both by some explicit conditions on this operation and in terms of filters.
Preliminaries: Hilbert algebras
An implicative algebra (see [35] ) may be defined as an algebra (A, →, 1) of type (2,0) such that the relation introduced on A by x ≤ y if and only if x → y = 1
is a partial order with 1 the greatest element. A positive implication algebra [35] or, more concisely, Hilbert algebra [14, 15] is an implicative algebra in which the following inequalities hold:
Following [9, 12] , we avoid parentheses as a tool for grouping in favour of dots. For example, the term (
The above characterization of Hilbert algebras is a bit redundant. On the other hand, the class of all Hilbert algebras considered as algebras of the form (A, →, 1) is equationally definable [14, 15] . The following useful algebraic properties of the operation → in Hilbert algebras can be found, e.g., in [4, 12, 14, 15, 31, 35] .
A Hilbert algebra A is said to be an implication algebra [35] if the inequality → 13 : x → y. → x ≤ x or, equivalently, if any of the equations
hold in it for all x and y. In this case either side of the latter one presents the join of x and y:
Moreover, then any pair of elements of A bounded from below has also the meet: for any
and every principal order filter of A turns out to be a Boolean lattice w.r.t. these operations. See [1, 2] for more information on implication algebras. In [20, 26] , Hilbert algebras satisfying → 15 were said to be commutative, and those satisfying → 13 have also been called Tarski algebras in the literature. Another proper subclass of the class of all Hilbert algebras is that of relatively pseudocomplemented posets [36] , i.e., unital posets in which the operation →, following [27] , is defined by
Such posets were called implicative in [33] , and Brouwer ordered, in [19] . Relatively pseudocomplemented lower semilattices are known also as implicative semilattices [13, 34] , or Brouwerian semilattices. A unital poset (A, ≤, 1) can be turned into a Hilbert algebra also by setting
This well-known example of a Hilbert algebra goes back to [14, 15] ; see also [30] . Hilbert algebras of this kind were recently studied in [7] under the name order algebra; they have also be called pure Hilbert algebras (see, e.g., [3] and reference [3] therein).
Let (A, →, 1) be some Hilbert algebra. A subalgebra B of A is said to be a block if it is a bounded implication algebra. In this case, if p is the least element of B, then (2) . Now suppose that X is a subalgebra of A and p ∈ X. Then p is the least element of X →p , and this subset is closed under → : for all x, y ∈ X, (1) and → 12 . The reverse inequality follows by (1) from the identity z → .x → y = 1.
where
Thus, X →p is a bounded subalgebra of A. Moreover, since
it is an implication algebra -see (→ 14 ).
Note that if the subalgebra X is even an implication algebra, then, due to (2), X →p turns out to be a principal order filter in X: for all x ∈ X, p ≤ x implies that x = y → p with y = x → p . It is common knowledge that the (→, 1)-reduct of an implicative semilattice is a Hilbert algebra. The converse, which is included in the proposition below, is less wellknown.
Proposition 2.2. An algebra (A, →, 1) is a Hilbert algebra if and only if it is a subreduct of an implicative semilattice.
Proof. Sufficiency of the condition follows from the above observation. Its necessity is implicit in Theorem 8.5 of [23] (the I-algebras studied there are just the Hilbert algebras). Moreover, as noted by a referee, the proposition is a direct consequence of [14, Theorem 12] . However, we shall discuss some details of the proof from [23] , which will be needed below.
Let A * stand for the set of all finite non-empty subsets of a Hilbert algebra A, every element a of A being identified with its singleton {a}; then A ⊂ A * and (A * , ∪, 1) is an idempotent and commutative monoid freely generated by A; it is considered as a lower semilattice with unit. Now, the operation → can be extended to A * so that
It is shown in [23] that such an extension always exists and is defined uniquely (see items 6.1-6.6 therein). The relation ≤ on A * defined by
is a preorder; moreover, the relation eq defined by
is even a congruence of the algebra (A * , →, ∪, 1), and a eq b implies a = b. Therefore, A ⊂ A * /eq, and the Hilbert algebra A turns out to be the subreduct of the quotient algebra A * /eq. Finally, it follows from Theorem 7.1 of [23] that the quotient itself is an implicative semilattice.
This proposition and its proof have several useful consequences concerning the lattice of implicative filters of a Hilbert algebra.
An implicative filter [35] (or just a filter, or a deductive system) of a Hilbert algebra A is a nonempty subset F such that b ∈ F whenever a → b ∈ F for some a ∈ F . For instance, any principal order filter [a) := {x : a ≤ x} is a filter in this sense. In particular, every implicative filter of A contains 1; sometimes this condition is used in the definition instead of being nonempty. Using the notation introduced in the above proof, the filter [X) generated by a subset X of A is described as follows:
-see [14, 15] or, say, [30, Theorem 6] , [35, II.3.5] . Note that
As usual, filters of a Hilbert algebra A make up a complete lattice F (A) w.r.t. set inclusion. The lattice is implicative (i.e., a Heyting algebra; see [14, page 42] 
. In virtue of (3), the relation eq is its kernel equivalence; so, the mapping induces an anti-isomorphism f of the lower semilattice A * /eq onto F fin (A). This anti-isomorphisms turns the latter algebra into a
, and the set of principal filters is closed under subtraction.
We note without proof that this theorem is, in fact, equivalent to the assertion that (4) holds for all finitely generated filters.
Corollary 2.4. A lattice is isomorphic to the lattice of filters of a Hilbert algebra if and only if it is isomorphic to the lattice of filters of an implicative semilattice.
Proof. Sufficiency of the condition is trivial, as every implicative semilattice is a Hilbert algebra. Its necessity follows from Theorem 3.1 of [34] , where a complete lattice L which has a compact base that is a subtractive subsemilattice of L is shown to be isomorphic to the lattice of filters of the dual of the base.
Compatible meets in a Hilbert algebra
Assume that A is a Hilbert algebra, and let ab stand for the meet of elements a and b of A, when it exists. If this is indeed the case, then the following conditions on a and b are equivalent (see [30, Theorem 3] 
Following [30] , the elements a and b are said to be compatible (in symbols, a C b), if their meet exists and satisfies the first, hence, any of the listed conditions. For example, comparable elements are always compatible. It follows from C2 that in a pure Hilbert algebra only comparable elements are compatible. Thus, a Hilbert algebra is pure if and only if compatibility in it coincides with comparability.
Compatibility can be characterized without explicitly referring to meets: 
again, such z is uniquely determined and serves as the meet. Indeed, if a C b, then C5 shows that ab is the minimum required in (5). Furthermore, if z is the minimum, then z ≤ a, z ≤ b (see → 1 , resp., → 5 ) and, for every x, a ≤ b → x implies z ≤ x; thus, the condition at the right hand side of (6) is fulfilled. Finally, if z fulfills the condition, then it is even the greatest lower bound of a and b: by → 9 , → 8 and (1),
Now a C b by C2. Due to → 1 and → 11 , the relationship
which holds for all x and y, is a self-evident illustration to (6) , with y in the role of z.
Note that x → y. → y is the complement of x → y in the block A →y ; so, (7) is covered by the following more general lemma. 
Note that this characteristic explicitly refers only to the order structure of the algebra under consideration. There are good reasons for considering only meets of compatible elements of a Hilbert algebra as "genuine" meets. We define the partial operation ∧ (called compatible meet) on a Hilbert algebra as follows:
By (5), a ∧ b exists if and only if a C b. Notice that in a relatively pseudocomplemented Hilbert algebra A all existing meets are compatible. Indeed, if ab exists in A, then b → ab is the maximum element in {x : z ≤ b, z ≤ x imply z ≤ ab for all z}. Clearly, a belongs to this set, and then a C b by C2. On the other hand, the pure three-element Hilbert algebra with two atoms is not relatively pseudocomplemented in spite of the fact that it has only compatible meets (see above).
In [22] , Hilbert algebras in which the operation ∧ is total were termed (H)-Hilbert algebras. According to Theorem 5(i) of [30] , such an algebra is even an implicative semilattice (in the dual form this was rediscovered in Sect. 3 of [29] ); moreover, every implicative semilattice arises in this way.
Of course, ab may exist even when a ∧ b does not. By the way, Hilbert algebras having the meet of every pair of elements have been called Hertz algebras by some authors. In [5, Remark 1.3] an equational axiom system for Hertz algebras is credited to A. Monteiro and H. Porta; these axioms were quoted in [25, 29] , and used in [29] to prove that a Hertz algebra is a (H)-Hilbert algebra. The system of axioms goes back to Monteiro, indeed; however, it was intended to describe the class of implicative semilattices (i.e. (H)-Hilbert algebras!) -see [32] or [13, Exercise 4.C.8]. Therefore, the mentioned result of [29] (Lemma 1 therein) is formally wrong; cf. [10] . For the same reason, Lemma 1.6 and Theorem 2.9 of [25] , as well as most results in [5] concerning Hertz algebras are not quite correct: they should be ascribed to implicative semilattices.
Actually, use of the term 'Hertz algebra' in the mentioned sense is a misunderstanding -see [17] for its history (the term is, in fact, just another name for implicative semilattices) and for respective improvements to [5, 25, 29] . Hilbert semilattices, i.e. Hilbert algebras in which all the meets ab exist, have recently been studied in [16] . By the way, several results of [30, 31] are rediscovered there. Lemma 3.3 below illustrates the role of compatible meets in a Hilbert algebra.
A semilattice filter of a Hilbert algebra A is defined to be a nonempty upwards closed subset F that is closed also under existing meets of compatible elements. It follows from C2 that every implicative filter of A is a semilattice filter. Conversely, suppose that F is a semilattice filter and that x ∈ F , x → y ∈ F for some x, y ∈ A. Then also x → y. → y ∈ F (see → 12 ). It is easily seen that y is the compatible meet of the elements x → y and x → y. → y (cf. (7)); hence, y ∈ F . Thus, F is also an implicative filter, and we have proved
Lemma 3.2. A subset of a Hilbert algebra is an implicative filter if and only if it is a semilattice filter.
It is worthwhile to note that, in virtue of (6) , every homomorphism h between Hilbert algebras preserves compatible meets in the following sense:
Lemma 3.3. If a Hilbert algebra A is a subreduct of an implicative semilattice B, then, for all x, y, z ∈ A, z is the compatible meet of x and y in A if and only if it is the meet of x and y in B.
Proof. Suppose that x, y ∈ A. If z is the meet of x and y in B, then z ≤ x, z ≤ y and x ≤ y → z. Therefore, if z ∈ A, then z is the compatible meet of x and y in A by (6) . If, conversely, z ≤ x, z ≤ y and x ≤ y → z for some z in A, then, in B, z ≤ xy ≤ z (for z is the meet of x and y in the subset A). So, z is the greatest lower bound of x and y not only in A, but also in B.
Any Hilbert algebra may be treated as a partial semilattice w.r.t. the operation ∧. Let us give a precise meaning to this observation. First, we adapt to semilattices a term used in [18] for lattices. The other, "symmetric" to ∧ 3 , associative law can be obtained as a consequence: if x ∧ .y ∧ z and x ∧ y exist, then y ∧ x exists and The next definition again is adapted from [18] . Note that the partial semilattices of [8] are a more specialized notion: they coincide with the wp-semilattices (in fact, posets) having the lower bound property (or, equivalently, the property that every principal filter is a total meet semilattice). The duals of such algebras were called (upper) nearsemilattices in [9] . We adopt this term here, and call a lower nearsemilattice any wp-semilattice having the lower bound property. For example, every implication algebra is a lower nearsemilattice (see Subsect. 2.1). Notice in connection with the condition D that the lower bound property in a wp-semilattice means the following:
Now we have achieved the aim set at the beginning of this subsection.
Theorem 3.8. The operation (9) on a Hilbert algebra turns the latter into a partial semilattice with the same induced ordering, filters, and compatibility relation.
Proof. Assume that A is a Hilbert algebra, and let ∧ be the operation on A defined by (9) . According to Proposition 2.2, A is a subreduct of an implicative semilattice. Then (A, ∧) is a partial semilattice by Lemma 3.3. Clearly, the ordering induced by ∧, coincides with the initial ordering of A. By (5), elements a and b are compatible in the partial semilattice if and only if they are compatible in the initial Hilbert algebra. At last, by Lemma 3.2, a subset of A is a filter of the partial semilattice if and only if it is a filter of the Hilbert algebra.
Let us call the partial semilattice arising in a Hilbert algebra A this way the ∧-reduct of A.
Theorem 3.9. A partial semilattice (A, ∧) is the ∧-reduct of a Hilbert algebra (A, →, 1) if and only if both algebras have the same filters.
Proof. The condition is necessary in virtue of Theorem 3.8. Its sufficiency follows from (8) and (11) .
Consequently, partial semilattices that are ∧-reducts of a Hilbert algebra can be characterized in terms of their filters: see Theorem 2.3.
Implicative partial semilattices
We are now in position to show that a Hilbert algebra is, in fact, a kind of an implicative partial semilattice.
The definition below is patterned after Definition 3.6.
Definition 4.1. An implicative partial semilattice, or ip-semilattice, for short, is a relative subsemilattice of an implicative semilattice that is closed under implication.
In more detail, an ip-semilattice is an algebra (A, ∧, →, 1) satisfying the following conditions: (1) (A, ∧, 1) is a partial semilattice with unit, (2) → is a total binary operation on A, and (3) there is an implicative semilattice (B, ∧, → 1) such that (A, ∧) is a relative subsemilattice (B, ∧), and (A, →, 1) is a subalgebra of (B, →, 1).
If it is the case, we call the operation → an implication on the partial semilattice A. Applying this notion, Proposition 2.2 can be improved as follows. The implication in an ip-semilattice can also be characterised directly -by explicit axioms.
Theorem 4.3. Suppose that (A, ∧, 1) is a partial semilattice with unit. A binary operation → on A is an implication if and only if it satisfies the conditions
Proof. If A is an ip-semilattice, then, by the previous theorem, we may consider it as a Hilbert algebra. By C5, → 9 , (1) and (6), it is evident that i1-i3 hold in A. To prove i4, also C2 and C4 are needed: if x C y, then x ≤ y → xy, wherefrom u → x ≤ u → y. → .u → xy by → 7 and → 2 and, furthermore, u → x C u → y. Now assume that the operation → satisfies i1-i4; let us first see, why then (A, →, 1) is a Hilbert algebra. Clearly, x C 1; so 1 ≤ y → z if and only if y ≤ z (see i1), as needed for (1) . Also, → 1 holds in A: due to (1), y ≤ 1 = x → x, and then → 1 follows by i2. It remains to prove → 2 .
At first, we shall obtain → 6 and → 7 . By i2,
Then x ≤ y implies that x ≤ y → z. → z, and → 6 follows by i2. Furthermore, in virtue of → 1 y ≤ x → y and y ≤ x → y. → y; now i3 and i1 yield the inequality x → y. → y: ∧ .x → y ≤ y. Hence, by i1, (12) and i2,
and we have obtained → 7 , too. Now we proceed as follows:
[(j),(b)] therefore, → 2 holds. Thus, A is a Hilbert algebra, indeed. Recall that then it has the same compatibility relation as the underlying partial semilattice (Lemma 3.2).
To complete the proof, we, in view of Theorem 4.2, have to check that the operation ∧ obeys (9) . It follows (by i1) from the assumption x C y that x ≤ y → x ∧ y and that
Conversely, if z 0 is the least element in {z : x ≤ y → z}, then z 0 ≤ x (by → 1 ), z 0 ≤ y (by → 5 and → 3 ) and x ≤ y → z 0 . Henceforth, x C y by i3; moreover, x ∧ y = z 0 -see also i1. Thus, (9) holds.
In Sect. 3, lower nearsemilattices, a particular kind of wp-semilattices, were mentioned. In such a wp-semilattice, x C y if and only if x and y have a common lower bound.
Definition 4.4.
A lower nearsemilattice with unit and a binary operation → satisfying i1 and i2 is said to be implicative (or an in-semilattice, for short).
The implicative nearsemilattices, which are just the duals of subtractive nearsemilattices studied in [9] , can be characterized also as implicative partial semilattices having the lower bound property. Indeed, it is easily seen that both the condition i3 and the first half of i4 are immediate consequences of the lower bound property in an in-semilattice (note that i2 provides the inequalities x ≤ u → x and y ≤ u → y). According to Theorem 14 of [9] , the (→, 1)-reduct of an in-semilattice is a Hilbert algebra. Hence, i4 actually holds in any in-semilattice in full by virtue of C4.
Our aim in the remainder of the section is to characterize implication operations on partial semilattices alternatively in terms of filters. It follows from the proof that i5 is equivalent to the conjunction of (13) and i4. Moreover, it is sufficient to consider i5 only for filters F generated by sets with not more than two elements.
Furthermore, implication on a partial semilattice is uniquely defined: owing to (13),
In particular, this observation settles the similar uniqueness problem for subtraction in upper nearsemilattices posed in [9] . In virtue of Theorems 3.8 and 4.2, the above uniqueness result can be given another form.
Theorem 4.6. Every Hilbert algebra is completely determined by its ∧-reduct.
In other words, this means that the structure of a Hilbert algebra can be specified in terms of its ordering and compatibility relations alone.
